THE INITIAL VALUE PROBLEM FOR A THIRD-ORDER DISPERSIVE FLOW 
INTO COMPACT ALMOST HERMITIAN MANIFOLDS 



EIJI ONODERA 



Abstract. We present a time-local existence theorem of the initial value problem for a third- 
order dispersive evolution equation for open curves on compact almost Hermitian manifolds 
arising in the geometric analysis of vortex filaments. This equation causes the so-called loss of 
one-derivative since the target manifold is not supposed to be a Kahler manifold. We overcome 
this difficulty by using a gauge transformation of a multiplier on the pull-back bundle to eliminate 
the bad first order terms essentially. 



1. Introduction 

Let (A^, J, g) be a compact almost Hermitian manifold with an almost complex structure J 
and a hermitian metric g, and let V be the Levi-Civita connection with respect to g. X denotes 
R or M/Z. Consider the initial value problem of the form 

Ut = aVlu^ + JuVxU^ + bgu{u^,u^)u^ in M x X, (1.1) 
u{0,x)=uo{x) in X, (1.2) 

where a, 6 G M are constants, u{t,x) is an X-valued unknown function of {t,x) G M x X, 
ut{t,x) = du(^t,x){{d/dt)i^^^^^), u^{t,x) = du^t,x){{d/dx)^^^^-^), du^t,x) ■ T(^t,x)(^ x X) ^ 
Tu{t,x)N is the differential of the mapping u at {t, x), Vx is the covariant derivative induced 
from V with respect to x along the mapping u, and J„ and g^ mean the almost complex struc- 
ture and the metric at ueN respectively. The equation (1.1) is an equality of sections of the 
pull-back bundle u^^TN . We call the solution of (1.1) a dispersive flow. In particular, when 
a = 6 = 0, this is called a one-dimensional Schrodinger map. 

Examples of dispersive flows arise in classical mechanics: the motion of vortex filament, the 
Heisenberg ferromagnetic spin chain and etc. Solutions to these physical models are valued in 
two-dimensional unit sphere C M^. For u = (ui, U2, Ms) E and v = (t>i, f 2, V3) E M^, let 

U ■ V = UiVi + U2V2 + M3f 3, \u\ = u ■ u, 

UX V = {U2V3 - U3V2, U3V1 - Uif3, U1V2 - U2V1). 

In [2], Da Rios formulated the equation modeling the motion of vortex filament of the form 

Ut = UXUxx, (1-3) 

where u(t, x) E §^ denotes the velocity vector along the space curve describing the position of 
the vortex filament in at (t, x),th the time and x is the arc-length in this physical model. 
See also, e.g., [8] and [10] for physical backgrounds of (1.3). The physical model (1.3) is an 
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example of the equation of the one-dimensional Schrodinger map. Our equation (1.1) with 
h — a/2 geometrically generalizes an -valued physical model 



describing the motion of vortex filament in proposed by Fukumoto and Miyazaki in [5]. 

Here we state the known results on the mathematical analysis of the IVP (1.1)-(1.2). There 
has been many studies on the existence of solutions to (1. 1)-(1.2) both on X = M and M/Z only 
when {N, J, g) is a Kahler manifold. See [1], [3], [9], [11], [12], [13], [19], [21] for a = and 
[16], [17], [18], [22] for a 7^ 0. Time-local existence theorems were proved by some classical 
energy estimates with respect to the following quantity like the -energy 



More precisely, if V is a metric connection (Wg = 0) and gisdL Kahler metric (V J = 0), then 
the equation (1.1) behaves like symmetric hyperbolic systems, and the classical energy method 
works well. This fact is closely related with the geometric studies of the good structure of the 
equation of dispersive flow into a compact Riemann surface on M. Being inspired with Hasi- 
moto's pioneering work in [8], Chang, Shatah and Uhlenbeck constructed a good moving frame 
along the map, and rigorously reduced the equation of the one-dimensional Schrodinger map 
into a compact Riemann surface to a simple form of a complex-valued nonlinear Schrodinger 
equation in [1]. Using the same idea, the author studied the geometric reduction of the equa- 
tions of higher-order dispersive flows in [18]. In addition, time-global existence theorems were 
also studied under some geometric conditions. For the one-dimensional Schrodinger maps, 
time-global existence holds if (A^, J,g) is locally symmetric. See [9], [19], and [21]. For the 
third-order equation (1.1), Nishiyama and Tani in [16] and [22] proved time-local and time- 
global existence of solutions when X = MorX = 'K/Z, N = S^, and the integrability 
condition b = a/2 is satisfied. They made use of some conservation laws to prove the global 
existence theorem. These conservation laws were discovered by Zakharov and Shabat in the 
study of the Hirota equation. See [24] for details. In [17] the author generalized these results 
when X = M/Z. He proved a time-local existence theorem for (1. 1)-(1.2) when TV is a compact 
Kahler manifold, and proved a time-global existence theorem when X is a compact Riemann 
surface with a constant curvature K, and the condition b = Ka/2 holds. 

On the other hands, almost Hermitian manifolds do not necessarily satisfy the Kahler con- 
dition VJ = 0. For example, it is well-known that S^, the Hopf manifold S^^^^ x and 
g2p+i ^ §2(j+i ^p^q _ 12. 3,...) never admit the structure of Kahler manifolds. If the Kahler 
condition fails to hold, then V J causes the so-called loss of one-derivative, and the equation 
(1.1) behaves like the Cauchy-Riemann equation. In this case, the classical energy method 
breaks down. The main purpose of this paper is to show the time-local existence theorem of 
(1.1)-(1.2) without the Kahler condition. To state our results, we here introduce some function 
spaces for mappings. 

Definition 1.1. Let N be the set of positive integers. For m e N U {0}, the Sobolev space of 
mappings is defined by 



X 



(1.4) 




H"'+\R;N) = {ue C{R;N) \ e i/™(M;TiV)}, 
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where Ux e H"^{W; TN) means that Ux satisfies 

m „ 

hx\\Hm(U;TN) = / 9u{x){^iUx{x),WiUx{x))dx < +00. 

Moreover, let / be an interval in R, and let w be an isometric embedding of {N, J, g) into the 
standard Euclidean space (M'^, c/o). We say that e C(/;i/™+i(R; N)) if w e C(/xM; AT) and 
{wou)x e C{r, //"^(M; M'^)), where C{I; H"'{R; R<^)) is the set of usual Sobolev space valued 
continuous functions on 1. 

Our main results is the following. 

Theorem 1.1. Let {N, J, g) be a compact almost Hermitian manifold, and let a 0, b & R. 
Then for any uo&H"^~^^{R; N) with an integer m ^ 4, there exists a constant T > depending 
only on a, h, N and Wu^xWH^i^SLiTN) ^i^ch that the initial value problem (1.1)-(1.2) possesses a 
unique solution mgCQ-T, T]; i/™+i(R; N)). 

Roughly speaking, Theorem 1.1 says that (1.1)-(1.2) has a time-local solution in the usual 
Sobolev space H-\U- W^) = (1 - dl)-^/'^L'^{R] W^). 

Our idea of the proof comes from the theory of linear dispersive partial differential operators. 
Consider the initial value problem for linear partial differential equations of the form 

Ut-\-Uxxx + ci{x)ux + h{x)u = f{t,x) in R x R, (1.5) 

where a{x), h{x) G ^°°(R), which is the set of all smooth functions on R whose derivative of 
any order are bounded on R, u{t, x) is a complex-valued unknown function, and f{t, x) is a 
given function. Tarama proved in [23] that the initial value problem for (1.5) is L^-well-posed 
if and only if 



rv 

L 



Im a{s)ds 



^C\x-y\^/^ (1.6) 



for any x,y E M. with some constant C > 0. The necessity is proved by the usual method of 
asymptotic solutions. In order to prove the sufficiency, Tarama first constructed a nice pseudo- 
differential operators of order zero which is automorphic on L^(R; C) under the condition (1.6), 
and eliminates v^^Im a(x)dx. This is one of the methods of bringing out the local smoothing 
effect of e~*^^ on R, and this property breaks down on R/Z. See e.g., [4]. Tarama also pointed 
out unofficially that if Im aeL^(R; R), then (1.6) holds and the proof of sufficiency becomes 
quite easier than the general case of (1.6). In this case, a gauge transformation defined by 

u{x) I — > v{x) = u{x) exp ^- J {Im a{y)}^dy^ (1.7) 

is automorphic on L^(R; C), and (1.5) becomes 

Vt + Vxxx - {Im a{x)Yvxx + {a{x) + ^^Im a{x)}vx + b{x)v = f{t,x) (1.8) 

with some a, 6 G and /, where a is a real-valued. The initial value problem for (1.8) 

is L^-well-posed in the positive direction of t since the second-order term {Im a{x)}'^dl domi- 
nates the seemingly bad first-order term ^/^lm a{x)dx essentially. In this special case, pseu- 
dodifferential calculus is not required. 

We make use of the idea of the gauge transformation (1.7). Roughly speaking, we see V^Ux 
satisfies the form 

(Vt - aVl - VxJvSx) ^xUx - m(V^ J„)V^V™M^ = harmless terms, (1.9) 
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where {VxJu) is the covariant derivative of the (1, l)-tensor field J„ with respect to x along u. 
The term m(y xJu)'^ x^^u^, cannot be controlled by the classical energy method since (V^; J„) 
behaves as anti-symmetric operator on (M; TN) in the sense 

/ ^((V.Jjy, W)dx = - / g{V, {VMW)dx, for V,W e V{u-^TN). 

We introduce a gauge transformation on u~^TN defined by 

V>,(t,a;) ^ V>,(t,a;)exp (^-^ ^ g{ux{t,y),Ux{t,y))dy^ , (1.10) 

which eliminates the bad term essentially since {V xJu) = O {g{ux., i/x)^''^) • Parabolic regular- 
ization and the energy estimates with (1.10) prove Theorem 1.1. The assumption m ^ 4 is the 
requirement on the integer for our method to work. 

When {N,J,g) is a Kahler manifold, we do not need the regularity m ^ 4. In this case, the 
term m{V xJu)"^ x'^^Ux vanishes in (1.9), thus the classical energy method works. Indeed we 
prove the following. 

Theorem 1.2. Let {N, J, g) be a compact Kahler manifold and let a ^ Q and 6 G M. Then for 

any UQ^H^-^^i^; N) with an integer m ^ 2, there exists a constant T > depending only 
on a, b, N, and \\uox\\h2{R;TN) ^^ch that the initial value problem (1.1)-(1.2) possesses a unique 
solution ueC{ [-T, T] ; H'^+^ (M; N)). 

Theorem 1.3. Let {N, J, g) be a compact Riemann surface with constant Gaussian curvature 
K and let a ^ Q and b — aK/2. Then for any Uq&H'^^^ {R] N) with an integer m ^ 2, there 
exists a unique solution weC(R; i?"'+^(R; N)) to (1.1)-(1.2). 

Theorem 1.2 and 1.3 are analogues of the results on X — R/Z in [17]. We remark that 
Theorem 1.3 generalizes the results on X = R in [16] and [22]. The key idea of the proof is 

the use of some conserved quantities generalizing what is used in [16]. Examples of Riemann 
surfaces satisfying the conditions in Theorem 1.3 are not only the two-sphere {K = 1) and 
the flat torus = ^^/I? (K = 0), but also closed hyperbolic surfaces (K = -1). 

The organization of this paper is as follows. Section 2 is devoted to geometric preliminaries. 
In Section 3 we construct a sequence of approximate solutions by solving the IVP for a fourth- 
order parabolic equation. In Section 4 we obtain uniform estimates of approximate solutions. 
In Section 5 we complete the proof of Theorem 1.1. Finally, in Section 6 we give the sketch of 
the proof of Theorem 1.2 and 1.3. 



2. Geometric Preliminaries 

In this section, we introduce some geometric notations used later in our proof. One can refer 
[15] for the elements of nonlinear geometric analysis. 

We will use C = C(-, ...,■) to denote a positive constant depending on the certain parame- 
ters, geometric properties of A^, et al. The partial differentiation is written by d, or the subscript, 
e.g., dxf, fx, to distinguish from the covariant derivative along the curve, e.g., Vo;. 

Throughout this paper, w is fixed as an isometric embedding mapping from {N, J, g) into a 
standard Euclidean space iW'-, go). Existence of w is ensured by the celebrated works of Nash 
[14], Gromov and Rohlin [7], and related papers. 

For 5 > 0, let {w{N))s be a 5-tubular neighbourhood of w{N) c R*^ defined by 

{w{N))s = {Q = q + X eR''\qe w{N), X e {Tgw{N))^, \X\<d] 
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where | • | denotes the distance in R'^, and let tt : {w{N))s — > w{N) be the nearest point 
projection map defined by 7r{Q) = q for Q = q + X E {w{N))s. Since w{N) is compact, for 
any sufficiently small 5, tt exists and is smooth. We fix such small 5. 

Let M : M ^ be given. u~'^TN = IJ^^^ Tu(x)N is the pull-back bundle induced from TN 
by u. V is called a section of u~^TN if V{x) e Tu{x)N for all x e R. We denote the space 
of all the sections of u'^TN by V{u-^TN). For V,W e V{u-^TN), define the quantities like 

-inner product by 

/ g{V,W)dx= [ gu(.)iV{x),W{x))dx, WWl^^^.^^j,) = [ g{V,V)dx. 
Then the quantity ||'Wa;||^m(]R.7-jv) defined in Definition 1.1 is written by 

m 

ll'"a:||f/'"(R;rAr) = II ^x'^a; lli2(R;TAr) • 

j=0 

In contrast, the standard -product and L^-norm are written by 

{V, W)^ f go{V{x), W{x))dx, \\V\\l,^^^^,^ = {V, V) 
for V,W e L^(M; W^), and the quantity || V^||^m(]R.]Rd) is written by 



=y:ii5^^ii 



Eii^^^iii 

j=Q 

Atthistime l|?i^.||//m(]g.y^) < ooif andonly if ||(-u;o-u)^||j^m(]g.]gd) < oo. See, e.g., [20, Section 1] 
or [11, Proposition 2.5] for this equivalence. Noting this equivalence, we see 

Finally, for a > 0, m e N U {0} and an interval / C M, C°'°(/; i/'"(R; R*^)) denotes the usual 
//'"(R; R'^) -valued «-Horder space on /. We will make use of fundamental Sobolev space 
theory of if '"(R; R'^) later in our proof. 

3. Parabolic Regularization 

The aim of this section is to obtain a sequence {u^}ee{o,i) solving 

Ut^ -eWlux + aVlux + Ju'^xUx + bgu{ux,Ux)ux, in {0,T^)x'R, (3.1) 
u{0,x) = uo{x) in R (3.2) 

for each e e (0, 1), where u — u^{t,x) is also an A^-valued unknown function of {t,x) G 
[0, Te] X R, and uq is the same initial data as that of (1.1)-(1.2) independent of £ e (0, 1). The 
argument in this section is essentially same as that in [17, Section 3]. In fact, we can show that 
(3.1)-(3.2) admits a unique solution near the initial data uq. Define 

L'^T = e L~((0, T) xR;N)\ \\wou - wouo\\loo((o,t)xR;R'') < S/2} 

for T > 0, where 5 > is the fixed constant describing the radius of the tubular neighbourhood 
of w{N) as stated in the previous section. We show the following. 

Proposition 3.1. Let uq G H^'^^{R;N) with an integer k ^ 2. Then for each e G (0, 1), 
there exists a constant = T{e, a, b, N, ||Mo2:||jy'^(R;Tiv)) > and a unique solution u = E 
C{[Q,T,]-H^+\R-N))nLf^^ to(3.1)-(3.2). 
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Proof of Proposition 3.1. Via the relation v — wou, the IVP (3.1)-(3.2) is equivalent to the 
following problem 

vt = -ev^xxx + F{v) in (0, T,) x R, (3.3) 
v{0,x) ^wouo{x) in R, (3.4) 

where v — v^{t,x) is a w(A'^) -valued unknown function of {t,x) e [OjT^] x R, and is 
written by the form 

F{v) = -e{[A{v){Va;,V^)]a:x+ [A{v){Va:x + A{v){Vx,Vx),Vx)]x 

+ A{'"){Vxxx + [A{'"){Vx, Vx)]x + A{v){Vxx + A{v){Vx, Vx), Vx),Vx)} 
+ a{Vxxx + [A{v){Vx, Vx)]x + A{v){Vxx + A{v){Vx, Vx), Vx)} 
J^-iovdw^ ^{Vxx + A{v){vx, Vx)) + b\Vx\'^Vx, 

where, A{v){-,-) : T^w{N) x Tyw{N) {Tyw{N))-^ is the second fundamental form of 
w{N) gR"^ atv ew{N). Note that there exists G e C°°(M^'^; M'^) such that 

F{v) = G{v,Vx,Vxx,Vxxx) 

for v : R — > w{N), and G{v,p, q, r) satisfies 

G'(^,0,0,0) = 0, ^{v,p,q,r)^0. 

The equation (3.3) is a system of fourth-order parabolic evolution equations for R'^-valued func- 
tion. In place of the IVP (3.1)-(3.2), we will solve the IVP (3.3)-(3.4). The proof consists of 
the following two steps. First, we construct a solution of (3.3)-(3.4) whose image are contained 
in {w{N))s C W^. More precisely, we extend (3.3) to an equation for the vector-valued func- 
tion valued in {w{N))5 and construct a unique time-local solution of the IVP for the extended 
equation in the class 

Yt = {tJ e Xt I \\V - WOtio||ioo((o,T)xM;Md) ^ 3/2} 

for sufficiently small T > 0. Here 

XT^{ve C([0, T] X R; R'^) | Vx G C([0, T]; H''{R; R'^))} 
is the Banach space with the following norm 

II'^IIxt ~ II'^IIl°°([0,T]xM;M'') + ll'^a;|li,oo(o,r;i/fc(]R;]Rd)) ) £ Xt- 

Secondly, we check that this solution is actually w(A^) -valued by using a kind of maximum 
principle. 

In short, it suffices to show the following two lemmas to complete our proof. 

Lemma 3.2. For each e e (0, 1), there exists a constant > depending on s, a, b, N and 

II {wouo)x\\H''(R;R'i) there exists a unique solution v — & Yp^ to 

Vt = -svxxxx + F{'iTov) in (0, T^) x R, (3.5) 
v{0,x) = wouo{x) in R. (3.6) 

Moreover, the map {wouo)x e H''{R; R'^) ^ vl e C([0, %];H^{R; R'^)) is continuous. 

Lemma 3.3. Fix e G (0, 1). Assume that v = v"^ E Yt^ solves (3.5)-(3.6). Then v{t, x) e w{N) 
for all {t, x) e [0, T,] x R, thus v solves (3.3)-(3.4). 
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Proof of Lemma 3>.l. The idea of the proof is due to the contraction mapping argument. 
Let L be a nonlinear map defined by 

Lv{t) =e-''^'vo+ f e-'^'-'^^'F{{7rov){s))ds 
Jo 

= / E{t,x - y)vo{y)dy + / / E{t - s,x - y)F{{TTov){s,y))dyds, 
Jr Jo Jm. 

where vq — wouq, and E{t, x) is the fundamental solution associated to dt + ed^. Note that, 
if f G Yt, irotj takes value in w{N) and thus F{7rov) makes sense. The IVP (3.5)-(3.6) is 
equivalent to an integral equation of the form v = Lv. 
Set M = ||'yoa;||_fffe(K;Rd), and define the space 

Zt — {v e Yt \ \\Vx\\L'^(0,T;Hk(M.-Rd)) ^ 2M} . 

Zt is a closed subset of the Banach space Xt- To complete the proof, we have only to show that 
the map L has a unique fixed point in Zt^ for sufficiently small > 0, since the uniqueness in 
the whole space Yt^ follows by similar and standard arguments. 

First, consider the properties of e"'^*'^^. Since uq G H'^~^^{R; N), vq is especially bounded 
and uniformly continuous on R. Thus, it is easy to check that 

e-''^'vo — >Vo in C(M;M^) as t ^ 0, (3.7) 

and 

II e ^*^"''yOx||if'=(M;Md) ^ |koa;||if'=(M;Md)- (3-8) 

Moreover, e"^*'^^ gains the regularity of order 3, since 

(£V4^i/4|^|yg-£t^4 is bounded for j = 

0, 1, 2, 3. In fact, there exists Ci > such that 

||e-^*^'(/.||^.+i(K;M.) ^ Ci£-=^/^r3/4||0||H.-2(M;M.) (3.9) 

holds for any 4> e H'''^{R; R"'). 

Secondly, consider the nonlinear estimates of F{ttov). If v belongs to the class Zt, we 
see v{t, •) e C(R; {w{N))s) and ||va:(t)||Hfc(R;R<') ^ 2M follows for all t e [0,T]. Thus, by 
observing the form of F{v) and the compactness of w{N), it is easy to check that there exists 
C2 = C2{a, b, M,N)>0 such that 

\\F{'KOv){t)\\Hk-2(j^.T^d) ^ C2\\Vx{t)\\Hk(R.Rd), (3.10) 

\\F(7rou)(t) - F{7rov)(t)\\Hk-2^R.Rd) ^ C2 {\\u{t) - v{t)\\L^^^.^d) + \\ux(t) - Vx(t)\\Hk(R.Rd)) 

(3.11) 

for any u,v E Zt. 

Using the properties (3.7), (3.8), (3.9) and the nonlinear estimates (3.10), (3.11), we can 
prove that L is a contraction mapping from Zt^ into itself if is sufficiently small. It is the 
standard argument, thus we omit the rest of the proof. □ 



Remark 1. Suppose that e Yt^ solves (3.3)-(3.4). Then we can easily check v^^^^ e 

L^{0, T,; H^{R; R'^)) and F{7rov') e ^^(0, T,; H\R; R^)) from the standard arguments. Thus 
we see vf belongs to the same class L^(0, T^; H^{R; R'^)), which implies that — Vq belongs 
to the class C°'^/\[Q, T,]; H\R; R"')). 
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Proof of Lemma 3.3. Suppose v G Yt^ solves (3.5)-(3.6). Define the map p : {w{N))s — > by 
p{Q) = g - 7r((5) for Q e {w{N))s. Then we deduce 

\pov(t,x)\= mill \v(t,x) — q\ ^ \v(t,x) — Vo(x)\. 

qew{N) 

Notice that the first equality above is due to the compactness of w{N). In addition, as is stated 
in Remark l,v{t)—Vo belongs to L^(M; W'-) and thus pov{t) makes sense in L^(M; W^) for each 
t. To obtain that v is w{N)-wdLhxQd., we will show 

for all t e [0, Tg]. Since tt + p is identity on {w{N))s, 

dn^ + dpy = Id (3.12) 

holds on Ty(w(N))s, where Id is the identity. By identifying Tv{w{N))s with M'*, we see that 
Vt{t,x) e Ty(^t,x){w{N))s anddTTy{vt){t,x) G TT,ov{t,x)w{N) for each {t,x). Thus it follows that 
{pov, d7r-t,{vt)) — 0. Using this relation and (3.12), we deduce 

\^\\p°'^\\l^r-r<i) = {pov,dp^{vt)) = {pov,dp^{vt) + dir^ivt)) = {pov,Vt) . 

Recall here, by the form of the right hand side of (3.3), that —evxxxx + F{v) E T{v~^Tw{N)) 
holds for any {; : M w{N). Thus we see {-e{nov)xxxx+F{7Tov)){t) e T{{7iov{t)y^TwlN)) 
since -Kov{t) e w{N), and thus this is perpendicular to pov{t). Noting this and substituting 
(3.5), we get 

^^l|P°f^llL2(ffi;Md) = -^l^xxxx + F{tTOv)) 

= {pov, -e{pov)^^^^ - e{Tiov)^^^^ + F(7ro^;)) 

= {pov, -e{pov)^^^^) 

= -£||(po'f;)^^||^2(jj.jjd) ^ 0, 

which implies ||po^^(^)|li2(R.Rd) ^ IIP°^o|li2(R.Rd) = 0. Hence poi;(i:) = holds. Thus is 
w{N)-ydLhxQd. for all t, which completes the proof. □ 

Set u — w'^ov for the solution v in Lemma 3.2. It is now obvious that this u solves (3.1)- 
(3.2). Thus we complete the proof. □ 



4. Geometric energy estimates 

Let {u^}s&[Q,\) be a sequence of solutions to (3.1)-(3.2) constructed in Section 3 with k — 
m ^ A. We will obtain the uniform estimate of {ii|}£e(o,i) and the existence time. Our goal of 
this section is the following. 

Lemma 4.1. Let uq G II"^^^(R; N) with an integer m ^ 4, and let {■u'^}£g(o,i) be a se- 
quence of solutions to (3.1)-(3.2). Then there exists a constant T > depending only on 
a, b, N, \\uQx\\H'i{R;TN) ^^ch that {M|}£g(o,i) is a bounded sequence in L°°(0, T; if™(M; TN)). 

Proof of Lemma 4.1. We define 

K%t, x)^-^J g (ul(t, y),ul(t, y)) dy, 
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N^it) = (ll<WII^^-l(M;™) + \\V''^"'\mh(R;TN)y' ■ 

We will obtain the differential inequality for {N^{t))'^. Since A^|(0) is independent of e, we set 

ro = 7V|(0) and 

T* = sup {T > I N'^{t) ^ 2ro for all t e [0,T]} . 
Lemma 3.2 shows T* > 0. Moreover, there exists a positive constant C(a, ro) > 1 such that 

C{a,ro)-'N'^{t) ^ ||<(t)b-(R;Tiv) ^ C{a,ro)N'^{t) fort e [0,T;]. 
This follows from the relation 

Note here that the second inequality of the estimate above is due to 
which follows from the energy inequality of the form 



giyxU^uDdx 



^ 9 (-£V^< + aVlul + VxJu-Vxul + &V^[^«, <)<], <) dx 
Jr 

The last equality of the estimate above is easily checked by repeatedly using integration by 
parts. Especially, we see that 

/ 9 (Vx J«s V^<, ul)dx^ - g {JusVxul, V^^O dx = 0, 

where the second equality above is due to the fact that {N, J, g) isaa almost hermitian manifold. 
Having these notations and properties in mind, we show the following. 

Proposition 4.2. There exists a positive constant C — C{a, b, m, N, ro) > and an increasing 
function P(-) on [0, +oo) such that 

2jt + I \\^lV''^'^\mUR.,TN) + E l|VL+'<Wlli^(M;TiV) 

V 1=0 / 

^ C{a,b,m,N,ro)P{N!{t) + N^_,{t)) {N^{t)f 
follows for all t e [0,T*]. 

Proof of Proposition 4.2. Throughout the proof of (4.1) we simply write u, J, g, K, y^"*) in 
place of u^, J^e, gy^e, K^, T/^'M respectively, and write || • Wffk — \\ • \\h''{R;TN)-> II " lU^ = 
II • ||L2(R;rw)7 II ■ ||l°° = II ■ \\l^{R;TN) for /c e N, and sometimes omit to write time variable t. 
The main object of the proof is the estimation of 

^|ll^^'"n^)lli2 = jj{VtV^^\t)M'^\t))dx. (4.2) 
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Thus let us compute the equation of V^"^\ Operating e^V^+^ on (3.1), we have 

V^yM + sVlV^""^ - aVlV^""^ - V^JV^V^"^^ - sF^ - F2 = F3, (4.3) 

where 

+ 4{K,,, - 3K^K,, + Kl)V,V^"'^ 

m— 1 

+ E ^^""^^ [^(^- V^«.) Vr , (4.4) 

1=0 

- K,V,JV^^^ - K,JV,V^^^ + m (V, J) V^V^^^ 

- aR{u,, V,y("^Vx + 2bgiV,V^^\u,)u, + bg{u,, u,)V,V^'^\ (4.5) 

1=0 

m—l 
1=0 

a+/3+7=m+l 
max{a,/3,7} ^m. 

Here i? denotes the curvature tensor on (N, J, g), and (Vs J) is the covariant derivative of (1, 1)- 
tensor field J with respect to x along u defined as 

{V.^J)V = V^JV - JV^V for VeT{u-^TN). (4.7) 

(Va;J) is, by definition, a (1, l)-tensor field. In the same way, {Vi^^J) denoting the (j + 1)- 
th covariant derivative of J is also (1, 1) -tensor field along u. See, Appendix, for the precise 
computations above. 

We next obtain the estimate of (4.2) by putting (4.3) into there. To make this estimate be 
clear or to focus only on the estimation of important parts as possible, we use the notation as 
follows. 

Definition 4.1. For A, B E M., A = B if and only if there exists a positive constant C — 
C{a, b, m, N, tq) > and an increasing function P(-) on [0, +00) such that 

A-B^ C{a, 6, m, iV, ro)P(iV|(t) + N^_,{t)) {N^{t)f 

follows fort e [o,t;]. 
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First, it follows from the repeatedly using of integration by parts that 

/ g{-eWtV^"'\ V^"'^)dx = -£ 1 1 Hia, (4.8) 
Jm. 

[ g{aVlV^"'\ V^"'^)dx = -a [ g{VlV^"'\V:cV^"''^)dx = 0, (4.9) 

[ 5(v,JV,y("^), v^"'^)dx = - / giJv^v^'^K v,y("^))dx = o. (4.io) 

Jr Jr 
Next, let us go to the estimation of F2. The following four terms 

2bg{V,V^"'\u,)u,, bg{u,, u,)V,V^"'^ 
■e easily controlled by a use of integration by parts. Indeed, we have 

/ g{-3a{K,, - Kl)W M'^\V^^'^)dx 
Jr 

= / g{{K,,-Kl)V,V^^\V^^^)dx 
^ Jr 

+ ^ / g{(K,, - Kl)V^^\V ,V^-^^)dx 

^ JR 

+ ^ / g{{K,,-K%V^-^\V^^^)dx 
^ Jr 

= 1/ g{iK^.-Kl)^V^-\V^-^)dx 



= 0, 



/ ^(-ai?K,V,y('"))ii,,V^("^))dx 
Jr 

^~ f g{R{u,,V,V^^^)u,M'^^)dx 
^ Jr 

+ ^ f g{R{u,,V^"'^)u,,V,V^"'^)dx 
^ Jr 

^ f g{R{u,M"'^)V,u,M"'^)dx 
^ Jr 

% f g(R(V,u,,V^"'^)u,,V^"'^)dx 
^ Jr 

+ ^ f g{{V,R){u,M'^^KM"'^)dx 
^ Jr 

= a / ^(i?(M,,V(™))V,M,,y('"))rfa; 
Jr 

^ [ gi{W,R){u,M'^^)u.M'^^)dx 
^ Jr 



+ 
+ 



+ 
= 0, 



(4.11) 



(4.12) 
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-2b f g(g(V^^\V,u,)u,,V^"'^)d: 



/ j(69(«„MjV,l'<"",V<"")<ii 

= -b f g{g{V,u,,u,)V^"'\V^"'^)dx ^"^-^"^^ 
Jr 

= 0. 

Notice that the second equality of (4.12) follows from the fundamental property of the Rie- 
mannian curvature tensor R such as 

g {R{X, Y)Z, W)^g {R{Z, W)X, Y) for X, Y,Z,W e r(u-^TN). 

The estimates of the rest terms of F2 are demonstrated as follows. For the estimate related to 
the term -3aK^VlV^"'K we have 

[ g{-3aK^VlV^'^\V^'^^)dx 
Jr 

= [ gigiu,,u,)VlV^'-\V^'-^)dx 
Jr 

= - / g{g{u,,u,)V,V^"'\V,V^"'^)dx-2 f g{g{V,u,,u,)V,V^^\V^^'^)dx ^^-l^) 
Jr Jr 

= -||(5K,«.))'/'V.\/(™)||i.+ / g{\g{y,u,,U:,)]^V^^\V^'-^)dx 

Jr 

= -\\{g{u,,U,)f'V.V^'^^\\l.. 

As for the term m (VxJ) Va:V*^™\ note first that there exists a positive constant Ci = Ci{N) > 
such that 

|(V,J)| (x) <: Ci(iV) {g{u,{x),u,{x)) f' (4.16) 
holds uniformly with respect to x. Thus we have 

g{m (V,J) V,0™),0™))rfa; 



^m||(v,j)v,y("^)|U2||yM|U2 

^ mC,(N)\\ (g{u,,u,)f'V,V^^^\\L4V^"'^\\L^ (4.17) 
= pUgiu,,u,)f'W.V^^^^' 



IL2 

for any p > 0. Note that the third inequality above is due to the Schwartz inequality. 
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In the same way, as for the term —K^VxJV^'^^ and —KxJ'VxV'^'^\ we have 
Jr Jr 

= / g{K,xJV^"'\V^"'^)dx + 2 [ g{K,JV^^\VxV^^^)dx 
Jr Jr 

= 2 / g{K,JV^^\V,V^^^)dx 
Jr 

= / g{{g{u,,u,)f''jV^^\{g{u,,U:,)f''W:,V^^^)dx 
"jOt Jr 

^ p\\ {g{u,,u,)f"v,V^^'>\\l. + (^)'^ll {g{ux,u,)f" JV^^^'Wl. 



(4.18) 



for any p > 0. 

By combining (4.11), (4.12), (4.13), (4.14), (4.15), (4.17) and (4.18), and by taking p = 1/4, 
we deduce 

/ g{F,{t)M-^\t))dx ^ -h {g{uM,uM)f''V,V^^\t)\\l,. (4.19) 
Jr ^ 

Thirdly, we consider F3. There never appear the terms containing higher ordered derivative 

like V^^^Ux with / e N in F3. Hence it is easy to obtain that 



/ 

Jr 



= 0. 



Here we add some comments on the estimation. The curvature tensor is estimated as follows: 
for / ^ (resp. j ^ 1 ) and U,V,W E r{u-^TN), there exists a positive constant C{N, I) > 
(resp. C{N,j) > ) such that 

\Wi[R{U,V)W]\ {x) ^ C{N,l) Yl l^'^l l^'^l l^^^l (^)' 

p+q+r+j=l 

\{ViR)\ (x) ^ C{N,j) J2 E • • • l^"'^^-! (^) (4.21) 

Ph^O 

uniformly with respect to x, where |-| = {g{-, ■))^^^. Similarly, the (1, l)-tensor field (V^^V) 
with j ^ is estimated as 

|(Vi+V)| (x) ^ CiN,j) E E \Vl^Ux\ ■ ■ ■ iWl'-Uxl (x) (4.22) 

a=l a+Eh=iPh=i+l 
Ph^O 

for some positive constant C{N,j) > 0. Observing them, we can see that higher ordered 
derivatives never appear in F3 and thus (4.20) is obtained. Note also KtV^'^^ is contained in 
F3. The requirement m ^ 4 comes to control this term. In other words, the L°°-norm of Kt 
is bounded by some positive constant C — C(a, ro). Hence KtV^'^^ is also harmless in the 
estimation (4.20). 
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Finally we consider the term eFi. By repeatedly using integration by parts and the Schwartz 
inequality as before, it is easy to check that 

/ g{6F,{t),V^"^\t))dx ^ ps\\VlV^"^\t)\\l, (4.23) 
Jm. 

for any p > 0. Thus, by taking p = 1/2, it follows from (4.8) and (4.23) that 

[ g{-sWlV^"^\t) + sF,{t)M"'\t))dx ^ -'-\\VlV^'^\t)\\l.. (4.24) 
Consequently, (4.9), (4.10), (4.19), (4.20), and (4.24) yield that (4.2) is estimated as follows: 

+ Iw^lv^-^Kmh + ^11 {gMtiu^{t))f'"'^.v^'^\mh (4 25) 

^ C(a, b, m, N, ro)P{N!{t) + N^_,{t)) {N^{t)f 

for some C(a, 6, m, A^, Tq) > and increasing function P(-). 
On the other hands, it is easy to prove 

2^ IMmlr.-. + I E WK'-'u.ml. ^ 0. (4.26) 

1=0 

By adding (4.25) and (4.26), we obtain the desired estimate (4.1). □ 

Lemma 4. 1 follows immediately from Proposition 4.2 in the following way. If m = 4, then 
(4.1) implies that 

{Nl{t)f ^ rl exp (2C(a, 6, 4, TV, ro)t) for t e [0, T,*]. 
If we set t = T*, then this becomes 

4r2 = {N!{T:)f ^ rl exp {2C{a, b, 4, N, ro)r;) , 

which implies 

2C(aA4^iVo) 
log4 

Clearly T depends only on a, 6, A^, HmoxHh^^ being independent of £ G (0, 1), and {ul}ee{o,i) is 
a bounded sequence in L°°(0, T; if*^(M; TN)). Then, by using the Gronwall inequality for m = 
5,6,... inductively, we obtain that {M|}eg(o,i) is a bounded sequence in L°°(0, T; i7"*(M; TN)). 

□ 

Remark 2. {ti|}£g(o,i) gains the regularity in the following sense: By integrating (4. 1) on [0, T], 
we obtain 



s 



TO— 1 



|v72t^£,(to)||2 -U "V^ IIT7'+2-„£||2 \<r 

\^x^ llL2((o,T)xR;rJV) + x ^x\\l^{{0,T)xR;TN) I ^ 



for some constant C = C{a, b, N, \\uox\\h"^,T) > independent of £ G (0, 1). This implies that 
the sequence {s'^/'^\/'^ul}ee{o,i) is bounded in ^^(O, T; H'^{R; TN)). From this and Lemma 4.1 
it is obvious that {wf }£g(o,i) is also a bounded sequence in L^(0, T; i7'"~^(M; TN)). We will 
use this property in the compactness argument in the next section. 



DISPERSIVE FLOW 



15 



5. Proof of Theorem 1.1 

Proof of Theorem 1.1. We are now in a position to complete the proof of Theorem 1.1. We have 
only to solve (1 . 1)-(1 .2) in the positive direction of the time variable. 

Proof of existence. Suppose that Uq G if™+^(M; A^) with the integer m ^ Ais given. By apply- 
ing Proposition 3.1 as A; = m, we construct a sequence {u^}s(z(o^i) solving (3.1)-(3.2) for each 
e > 0. Recall that Lemma 4.1 implies that there exists T = T{a,b,N, WnoxWH-^iR-TN)) > 
which is independent of £ G (0, 1) such that {<}£e(o,i) is bounded in L°°(0, T; iJ™'(M; TN)). 
Recall also, as stated in Remark 2 in the previous section, {wf }£e(o,i) is bounded in the class 
L^(0,T;i/™^(R;TA/^)). Having them in mind, define — wou^. Then the boundnesses 
above imply respectively that {v^}s^(^o,i) is bounded in L°°(0, T; H'^{R; W^)) and {vl}se(o,i) 
is bounded in L'^{0,T; H'^-^{R;R'^))'. Especially, this boundness of {vf}se{o,i) yields that 
M}se{OA) is bounded in the class C^^^/^{[0,T]; iJ^-^^M; R'^)). Then the standard compact- 
ness arguments imply that there exists a subsequence {w^ jjgN and v such that 

in L°°{0,T;H"'{R;R'^)) as j ^ oo, (5.1) 
in C{[0,T];HI^-\R;R'')) as j ^ oo, (5.2) 
in C([0,r] X S(0,i?);M'^)) as j ^ oo (5.3) 

for any R > 0, where B(Q, R) = {x eR \ \x\ ^ R}. In particular, (5.3) implies that v e 
C([0, T] X R; w{N)) and w~^ov satisfies the initial condition (1.2). Furthermore, it is easy to 
check that v satisfies (3.3) with e = 0. At this time, notice that e L°°(0, T; if'"(M; R'^)) fl 
C([0, T];H"'-\R; R'^)) follows. As a consequence, we have u = w'^ov e C([0, T] x M; TV) 
with 

e L°°{0,T;H'^{R;TN))nC{[0,T];H"'-\R;TN)) (5.4) 

which solves (1.1) with the initial data uq. Thus we complete the proof of the existence of 
time-local solutions. □ 

Remark 3. For the solution u = w^^ov, since Vx G L°°(0, T; if'"(M; M°')), vt belongs to 
L°°(0, T; //"^-2(R; R'^')), and thus we see that v - wouq belongs to C°'i([0, T]; //"^-^(R; R<^)). 

Proof of uniqueness. Let li, e C([0, T] x R; iV) be solutions of (1.1)-(1.2) with (5.4), and let 
ii(0, x) — v{Q, x). Identify u, v with wou, wov. Then u and v satisfy 

Vt - aVxxx = fiv, Vx, Vxx), 

where 

f{v,Vx,Vxx) ^a{[A{v){Vx,Vx)]x + ^(^;)(^;a;a; + ^(^^)(^^a;,^^a;),^^a;)} 

+ dw^~iovJw-iovdw~^{vxx + + b \vxf Vx 

for V : R ^ N. As is stated in Remark 3, both u — wouq and v — wouq belong to the class 
C°'^([0, T]; //"*-2(R; R'^)) and thus z = w - i; is well-defined as a R'^-valued function. Taking 
the difference between two equations, we have 

Zt O'^xxx — fiV'i V,x, Uxx) fiv-i Vxi Vxx)i 

To prove that 2; = 0, we can show that there exists a constant C > depending only on 

a,b,N, \\ux\\l'=°{o,t;H^{R;R'')), aad \\vx\\L°°(^o,T;H'2{R-j&.d)) such that 

;TTlk(^)lli/l(R;Rd) ^ C'lk(^)ll//l(R;R'i)- (5-5) 
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This estimate can be obtained by completely same calculation as that in the proof of the unique- 
ness in [17]. Note, though the only case that (A^, J, g) is a Kahler manifold is discussed in [17], 
the argument proving the uniqueness works also when (TV, J, g) is a compact almost Hermitian 
manifold. Thus we omit the proof of (5.5). □ 

Proof of the continuity in time of V^u^ in L'^(K;TN). We have already proved the exis- 
tence of a unique solution u e C([0,T] x M; iV) with (5.4). Thus the proof of V^m^; G 
C([0, T]; L^{R; TN) is left. Let v = wou. To obtain this continuity, it suffices to show that 
dWuiV^""^) belongs to C([0, T];L^{R; W^)). 

First of all, the energy estimate (4.1) implies (d/dt) {N^(t))'^ ^ C for some C > which is 
independent of £ e (0, 1). Hence we deduce 

ll^^'^"^n^)llL2(M;TiV) + lks(^)lllf'"-i(M;TAr) 

Letting £ j 0, we see that V^^'^t) = {e^V^u^){t) e L'^{R; R'^) makes sense for all t e [0, T], 
and 

||V(™)(t)|| 

Noting that e C([0, T]; H"'-\R; TN)), we have 

limsup ||l^('")(^)lli2(R;Tiv) ^ \\V^'^\0)\\l.^^.^^^y (5.6) 

Since w is the isometric embedding, (5.6) is equivalent to 

limsup \\dw^{v^"^^){t)\\l.^^.^^a) < Wdwuiv^-'^mW'mRm- (5.7) 

Moreover, since E L°°(0, T; //"^(M; R'^)) n C([0, T]; if™-i(M; M'^)), we see (!/('") )(t) 
is weakly continuous in L^(R; R''). Hence it follows that 

||d^„(V(™))(0)||i.(^^^,) ^ liminf \\dw^{V(^^)mlH^m- (^.8) 

From (5.7) and (5.8), we obtain 

Consequently, (5.9) and the weak continuity of dwu{V^™'^){t) in the class L^(R; R'') imply that 
dwu{V'^'"''^){t) is strongly continuous in L^(R; R"') at t = 0. By the uniqueness of u, we see 
dwu{V^'^^){t) is strongly continuous at each t e [0, T] in the same way. Thus we complete the 
proof. □ 

□ 



6. Sketch of the proof of Theorem 1.2 and 1.3 

This section is devoted to the outline of the proof of Theorem 1.2 and 1.3. Recall in both 
cases, is supposed to be a compact Kahler manifold. 

Proof of Theorem 1.2. Since is a compact Kahler manifold, the procedures of the proof 
is almost parallel to that in [17]. There is a difference to the proof of Theorem 1.1 in the 
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energy estimate. Due to the Kahler condition, the classical energy method works effectively. 

In other words, we do not need to use the gauge transformation of V^u^ used in the proof of 
Theorem 1.1. This is the reason that this theorem holds for m ^ 2. Indeed, we can obtain the 
following. 

Lemma 6.1. Let {u^}e^{o,i) be a sequence of solution of (3.1)-(3.2) constructed in Proposi- 
tion 3.1 as A; = m ^ 2. Then there exists a constant T > depending only on a,b, N, and 
\\uqx\\h'2{R;TN) such that {ii|}£g(o,i) is bounded in L°°{0, T; H"^(R; TN)). 

Proof of Lemma 6.1. By the completely same calculus as that in [17, Lemma 4.1], we can show 
that 

d ^ 

J^\Kit)\\l^(R;TN) ^ C{a,b,N)J2\Kit)\\H^iM;TN), (6-1) 

r=4 

^IKWII^fe(R;T7V) ^ C{a,b,N, ||<(t)||i/fe-i(M;TJV))||<WllHHK;TJV) (6-2) 

for 3 ^ k ^ m hold for all t G [0, T^]. From (6.1) and (6.2), the desired boundness is immedi- 
ately obtained. See [17, Lemma 4.1] for details. □ 

The other parts of the proof of Theorem 1.2 are same as that was discussed in Theorem 1.1. 
Thus we omit the detail. □ 

Next, let {N, J, g) be a compact Riemann surface with constant Gaussian curvature K, and 
assume that a 7^ and b — aK/2. Theorem 1.2 tells us that, given a initial data uq e 
i/'"+i(R; A^), there exists T = T{a,b,N, \\uox\\hHR;TN)) > such that the IVP (1.1)-(1.2) 
admits a unique time-local solution ue C{[0,T); i/'"+^(R; N)). 

In what follows we will extend the existence time of u over [0, 00). For this, we have the 
following energy conversation laws. 

Lemma 6.2. Foru e C([0, T); i7'"+^(R; iV)) solving 2), the following quantities 



L^{R;TN)-> 

E{u{t)) = ||VXWIIi2(R;riv) + ^ JjgMt),Ux{t))fdx 

-K {g{ux{t),VxUx{t))f dx 
3K f 

9{ux{t),Ux{t))g{VxUx{t),VxUx{t))dx 

^ jR 

are preserved with respect tot e [0,7). 

Proof of Lemma 6.2. The proof is also same as that was discussed in [17, Lemma 6.1]. Thus we 
omit the detail. □ 

Proof of Theorem 1.3. Let u e C([0, T); H^'+^R; N)) he a time-local solution of (1.1)-(1.2) 
which exists on the maximal time interval [0, T). If T = 00, Theorem 1.3 holds true. Thus we 
only need to consider the case T < 00. From Lemma 6.2, we know that 

hx{t)\\l2(^R.TN) ^ hox\\l2(u.TN), E{u{t)) ^ E{uo). (6.3) 

Hence it follows that 

\\'^lux{t)\\l2^^.TN) =E{uo)-— / {g{ux{t),Ux{t))fdx 
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+ K [ {g{u^{t),V^u^{t))fdx 
3K f 

+ ^ 9{ux{t),u^{t))g{VxUx{t),VxUx{t))dx 
The second term of the right hand side of the above is estimated as follows. At first, we have 

\\'^xUx{t)\\l2(^.TN) ^- 9 {Ux{t):^lUx{t)) dx 

Jr 

^ ||Mx(^)||L2(R.7^jV)||V^'Uj.(t)||i2(]g.y^) 

= \\uOx\\L'^{R;TN)\\'^lUxit)\\L'^R;TN)- (6.4) 

Next, note that dwuiV xUx) = Vxx + ^iv){vx,Vx) holds for v = wou by the definition of the 
covariant derivative along the mapping u. By noting this and by using (6.4) and Sobolev's 
inequality, we obtain 



L°°(R;TN) 
2 



^ C\\Vx(t)\\l2 (Jj.jjd) 1 1 Vxx {t) 1 1 L2 (]R.]Rd) 

^ C||Va;(t)||L2(R.Rd) 



X y\\Vxx{t) + A{v){Vx,Vx){t)\\L2(j^.T^d) + \\A{v){Vx,Vx){t)\\L2(^ 
^ C\\Vx{t)\\L2(^.^d) 

X ( \\Vxx{t) + A{v){Vx,Vx){t)\\L2(R.Rd) 



+ C{N)\\Vx{t)\\L^ (R;Rd) \\Vx{t)\\ L2 (R;; 
= C\\Ux{t)\\L2(jg_.Tj^) 

X (^\VxUx{t)\\L2 (R-TN) + C{N)\\Ux{t)\\Lo^ (m.;TN) \\Ux{t)\\ l2 (K;rAf) 
^ C'||Koa;||L2(R;rW) 

^ \\"-0x\\t2(M-TN\\\ ^ x"-X 



•^\\L^{R;TN)\\ ^ x'^xKi^J\\l2(m-tN) 

+ C(N)\\Ux(t)\\L'^ (R;TN) \\uox\\l^ {R-TN) 

TN) 



1 1 IJ-Ox 1 1 1,2 (R-TN) x'^x{'^)\\l2(^. 



{R;TN)\\uqx\\l2(r.TN)^ 

which implies 

\\Uxit)\\Loo(R;TN) < C{N, \\uox\\l^R;TN)) (l + II V^^*a;(0 |li2^(]R;TiV)) ■ (6.5) 

From (6.3), (6.4) and (6.5), we deduce 

ll^i''^a:(^)||i2(R;TAf) 
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^ E{uo) + C{K, N, \\uox\\L^(m;TN)) 

L2(R;rAf)- 

Thus X ^X(t) ^1 + ||V^ii^(i)|||2(K.rjv) satisfies 

X^l + E{uo) + C{K, N, \\uo4L^iM.,TN))X'/\ 
which implies that X{t) is bounded, and thus 

sup \\WlUx{t)\\L2(j^.TN) < CiK^N^WnoxWH-^iR-TN)) (6.6) 

te[o,T) 

for some C = C{K, N, \\uox\\h2(m.;tn)) > 0. Interpolating (6.3) and (6.6) we have 

sup \\Ux{t)\\H^R;TN) < C{K,N, \\uox\\h'^{R;TN)) ■ 

te[o,T) 

Once we obtain the if^(R; TA/^)-boundness of Ux, the desired TA/^)-boundness of Ux 

follows from the use of (6.2) inductively with respect to A; = 3, . . . , m. Thus the existence time 
of u can be extended beyond T. □ 



7. Appendix 



In this section, we check (4.3) used in Section 4. Operating e V^"^ on the equation (3.1), 
we have 

e^V^+'ut = -e e^V^+%x + a e^V^+^x + e^V^+VV^M^ 

+ be''V^+'g{ux,Ux)ux. (7.1) 

First, to compute each term of (7.1), we use the following relation 

gi^ym+fc^^ = V,. (e^V^+'^-^M^) - Kxe^'V'^+^-^Ux for keN. (7.2) 

By using this relation repeatedly, we deduce 

e^V^+^iz. =V.\/('") - KxV^"'\ (7.3) 

e^V^+^tx, =V^\/('") - 2K,VxV^"''^ - {K^x - V^"'\ (7.4) 
e^V^+'ii^ ^V^V^^'"^ - mxVlV^"^^ - 3 {Kxx - Kl) VxV^"^^ 

- {Kxxx - ^KxKxx + Kl) V^^^ , (7.5) 

- 4 {Kxxx - ^KxKxx + Kl) V,y("^) 

- {Kxxxx - ^KxKxxx - 3Kl^ + QKlKxx - K) V^^^ . (7.6) 
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Moreover, (7.3) and the Leibniz rule yield that 



a+P+j=m+l -i^- I- 
max{a,/3,7} 

- 2g{K^V'^'^\u^)u^ - g{u^,u,)K^V^"'^ 

a+/3+7=m+l 
max{a,/3,7}^m 

Next, we compute e^V™"*"^!**. Note that 

follow from the definition of the Levi-Civita connection. Using these commutative relations 
inductively, we have 

m— 1 

V^+'ut = VtVl'u, + E [^(^- • (7.8) 

1=0 

By multiplying with (7.8), we have 

m— 1 

e^V^+i«t = e^VtV™«, + ^ e^V^ V^-^^+^^^.j . (7.9) 

1=0 

By noting e^VtV^u^ = V* (e^V^zt^) - KtV^u^ = Vt^^"*) - Xt^^"*), and by substituting 
(3.1) into the second term of (7.9), we deduce 

m— 1 

e^'V^+'ut = VtV^^^ - KtV^"^^ - e ^""^i V^m,) V^-^'+^^ii,] 

1=0 

m— 1 

+ a J2 e^'v!, [R{u,, V^«.)Vr ^'+'^«.] (V-IO) 

1=0 
m—l 

1=0 
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(Note that R{ux,bg{ux, Uxjux)^/^ ^'''^^^Ux — since R{ux, Ux) — 0.) The fourth term of the 
right hand side of (7.10) is decompose as 



m— 1 



(7.11) 



1=0 
^ m—l 



m) ^ 



X 



« I I]e^V^ [i?K,VX)Vr'"'«x] -R{ux,VxV^-m.. 

, 1=0 

+ aR{ux,VxV^'^^)ux. 



Note the term V^'^^Ux never appear in the first term of the right hand side of (7.1 1). 

Let us move to the computation of e^V^~^^JVxUx. First, it follows from the definition that 



{VxJ)V = VxJV - JVxV for VeT{u-^TN), (7.12) 



where (VxJ) is the covariant derivative of (1, 1) -tensor J with respect to x along u and is also 

(1, l)-tensor field along u. We will write (V^r J) V not to be confused with VxJV. In the same 
way, (Vi^^J) with j ^ 1, which is the (j + l)-th covariant derivative of (1, l)-tensor field J, is 
also (1, 1) -tensor field along u defined inductively by the form 



{Vi+^J)V ^Vx{ViJ)V - {ViJ)VxV for V er(u-^TN), 



where (Vj, J) = (V^ J). Using (7.12) repeatedly, we deduce 



e^'V^+'JVxUx = e^'VxJVT'ux + 5] (V, J) V^+'-'ux (7.13) 



For the first term of the right hand side of (7.13), (7.3) and e^J = Je^ yield 



--Vx (Je^V^+^iz.) - KxJe^'V'^+'ux (7.14) 



--VxJVxV^"^^ - KxVxJV^^^ - KxJVxV^^') - {Kxx - Kl)JV 



(m) 

xl 
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For the second term of the right hand side of (7.13), by regarding (V^J) and V^''"^"'^^ as a 
(1, 1) -tensor field and a (1, 0) -tensor field respectively, we deduce 

m 

1=1 

m 



1=1 

m 



= e^5]C,^Vi ((V. J) V^'-'x..) 



1=1 

m 



"' ' 1! 



ml ,| 

= m (V.J) Vr ^^^x + E E -i773-\T (^i""'^) ^-^'^.^ 

i=i j=i ■))■ 

where Cf : T^A^ ® TuN (g) r*iV ^ TuN is a contraction which maps Xi (g) ® yl into 
X^jfe^fel^jO^j- Notice that the second equality of (7.15) holds since the covariant derivative 
commutes with the contraction, and the third equality of (7.15) is due to the fact that 

Vo. (-5 (8) T) = (V:.^) ® T + 5 (g) (V.T) 

holds for any tensor S and T. See, e.g., [6] for these properties. Moreover, by noting that 
/ (Va: J) = (Va; J) / holds for any scalar function / and by using (7.3), we deduce 

me^ (V,J) V^+^K, = m (V,J) e^V™+^M, 

= m (V, J) V,V^("^) - mX, (V, J) ^("^1 

Combining (7.13),(7.14), (7.15), and (7.16), we obtain 



(7.16) 



X '-''X 

+ m (V, J) V,y("^) - mK, (V, J) V^^^ (7.17) 



r« I J, 

Consequently, by substituting (7.5),(7.6), (7.7),(7.10), (7.11) and (7.17) into (7.1), we deduce 
the desired equality (4.3). 
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